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Abstract
Let d() stand for the deﬁning number of the colouring . In this paper we consider dmin = min d() and dmax = max d() for
the onto -colourings  of the circular complete graph Kn,d . In this regard we obtain a lower bound for dmin(Kn,d ) and we also
prove that this parameter is asymptotically equal to −1.Also, we show that when 4 and s = 0 then dmax(Kd−s,d )=+2s−3,
and, moreover, we prove an inequality relating this parameter to the circular chromatic number for any graph G.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let  be a t-colouring of a graph G. A deﬁning set of  is a subset S ⊆ V (G) such that the partial colouring |S is
uniquely extendable to the t-colouring . Deﬁning sets of a t-colouring  can be ordered naturally by inclusion and one
can talk about minimal deﬁning sets of . Also, we let d() stand for the minimum size among all deﬁning sets of .
Moreover, we deﬁne
dmax(G, t)
def= max

d() and dmin(G, t) def= min

d(),
where  ranges over all onto t-colourings of G. (An onto t-colouring is a t-colouring for which each colour class is
nonempty.)
For a general background on deﬁning sets and related concepts we refer the interested reader to [4]. It should be
noted that the parameters dmin and dmax have been extensively studied for special families of graphs like the Cartesian
products KnKn, where each n-colouring corresponds to an n × n Latin square [2,4,5].
Also, it is worth mentioning that by a result of Hajiabolhassan et al. [6] a graph G is uniquely vertex colourable if and
only if any one of its minimal deﬁning sets is of order  − 1. As one more example, it is straightforward to verify the
inequality dmax(G, ) |V (G)| − (G) − 1 for any colour-critical graph (where (G) stands for the minimum degree
of G). Hence, the parameter dmax(G) somehow is related to the variety of colourings of the graph G.
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Throughout the paper we consider ﬁnite simple graphs, and |X| stands for the size of the set X. A homomorphism
 : G −→ H from a graph G = (V (G),E(G)) to a graph H = (V (H),E(H)) is a map  : V (G) −→ V (H) such
that uv ∈ E(G) implies (u)(v) ∈ E(H). A homomorphism  : G −→ Kt , whose range is the complete graph on t
vertices, is called a t-colouring of the graph G.
If n and d are positive integers with n2d , then the circular complete graph Kn,d is the graph with vertex set
{v0, v1, . . . , vn−1} inwhich vi is connected to vj if and only if d |i−j |n−d.A graphG is said to be (n, d)-colourable
if G admits a homomorphism to Kn,d . The circular chromatic number (also known as the star chromatic number [7])
c(G) of a graph G is the minimum of those ratios n/d for which gcd(n, d) = 1 and G admits a homomorphism to
Kn,d (it can be shown that one may only consider onto-vertex homomorphisms [9]). It is known [7,9] that for any
graph G, (G) − 1< c(G)(G), and hence (G) = c(G). Therefore, c(G) is a reﬁnement of (G), and (G)
is an approximation of c(G). For more about these concepts and some other properties of circular complete graphs
see [1,8,9].
Note that by the deﬁnition of Kn,d we may assume that the vertices of Kn,d are placed on a circle and one may refer
to any l consecutive vertices on this circle as an arc of length l. In this regard, [vs, vt ] (resp. (vs, vt )) is deﬁned to be
the set {vs, vs+1, . . . , vt } (resp. {vs+1, vs+2, . . . , vt−1}) where summations are understood to be in modulo n. Also,
following our notations, |[vs, vt ]| denotes the size of the arc [vs, vt ].
Let  be a k-colouring of Kn,d . If n/d3 then by the fact that the independence number of Kn,d is equal to d,
we know that any colour class of  should be contained in an arc of length d. Also, throughout the paper, we let
k
def= (Kn,d) = n/d and n = kd − s for some 0sd − 1 where gcd(n, d) = 1.
In this paper we consider the parameters dmin and dmax of circular complete graphs for which 4, where we
obtain bounds for dmin (Theorem 2) and, moreover, we prove that asymptotically dmin =  − 1 for any such graph
(Theorem 1). Also, we exactly determine the parameter dmax for circular complete graphs with 4 (Theorem 3)
and for any given graph G we establish a connection between this parameter and the circular chromatic number of G
(Theorem 4).
2. Main results
In this section we present our main results which are mainly based on a special kind of partitioning for any given
-colouring of a circular complete graph. We start by the following deﬁnition.
Deﬁnition 1. For any k-colouring  of Kn,d , and any colour i ∈ {0, 1, . . . , k − 1} we deﬁne,
dev(i)
def= d − |{v|(v) = i}|.
The following simple lemma is distinguished for further reference.
Lemma 1. For any k-colouring  of Kkd−s,d with k = (Kkd−s,d )3, and any colour i ∈ {0, 1, . . . , k − 1} we have
dev(i)0. Moreover,
∑
i dev(i) = s.
It is easy to check that for every graph G we have dmin(G)(G) − 1. The following theorem shows that the
parameter dmin has its smallest value for the graphs Kkd−s,d when s is ﬁxed and k is sufﬁciently large.
Theorem 1. If k = (Kn,d) and n = kd − s we have,
dmin(Kkd−s,d , k) = k − 1 ∀k > 3s.
Proof. Consider the graph Kkd−s,d and a k-colouring  as
−1(j) def=
⎧⎪⎪⎨
⎪⎪⎩
[vi(3d−1), vi(3d−1)+d−1] j = 3i and 0 is − 1,
[vi(3d−1)+d , vi(3d−1)+2d−2] j = 3i + 1 and 0 is − 1,
[vi(3d−1)+2d−1, vi(3d−1)+3d−2] j = 3i + 2 and 0 is − 1,
[vs(3d−1)+(j−3s)d , vs(3d−1)+(j−3s)d+d−1] 3sjk − 1,
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for which all colour classes constitute arcs of length d or d − 1. Moreover, note that in this colouring, there are 3s
colour classes whose size form s copies of the pattern (d, d − 1, d) in a cyclic order and the other k − 3s colour classes
are of size d.
Now, consider the set U def= U1 ∪ U2 ∪ U3 ∪ U4 deﬁned as follows:
• U1 def={vi(3d−1)+d−1|0 is − 1}.
• U2 def={vi(3d−1)+d |0 is − 1}.
• U3 def={vi(3d−1)+2d−1|0 is − 1}.
• U4 def={vs(3d−1)+(j−3s)d |3sj < k − 1}.
Let ′ be an extension of |U to a k-colouring ofKkd−s,d . If v ∈ U2 and ′(v)=j then dev′(j)1 by the deﬁnitions
of U1 and U3. Also, by Lemma 1,
∑
i dev′(i)= s and consequently, since |U2| = s, for any colour j appearing in ′|U2
we should have dev′(j) = 1 and for any other colour i we should have dev′(i) = 0. Hence, it is easy to check that
′ = , and, therefore, U is a deﬁning set of size k − 1 for  and the theorem follows. 
In what follows, ﬁrst, we study the structure of k-colourings of Kn,d (where (Kn,d)= k4), and we show that any
such k-colouring can be partitioned in a special way. This partition will prove to be useful in ﬁnding deﬁning sets of
such colourings.
Lemma 2. Let  be a k-colouring of Kn,d with k = (Kn,d)4. Then for any ﬁxed colour i,
(a) There exists at least one vertex v with (v) = i such that there does not exist any arc, [vs, vt ], containing v with
(vs) = (vt ) = j , j = i and |[vs, vt ]|d .
(b) All vertices of colour i satisfying part (a) form an arc of length less than or equal to d.
Proof. To prove (a), by contradiction, assume that for the colour i and each vertex v with (v)= i, there exists at least
one arc [vs, vt ] containing v with (vs) = (vt ) = jv for some jv = i and |[vs, vt ]|d. Now, for each such vertex
v choose one such colour jv and recolour v with jv . This gives rise to a proper (k − 1)-colouring of Kn,d which is a
contradiction.
For (b), ﬁrst assume that v1 and v2 are two vertices in the ith colour class such that both of them satisfy part (a) and
since k = (Kn,d)4 without loss of generality assume that |[v1, v2]|d. We claim that any vertex v ∈ [v1, v2] is
in the ith colour class and satisﬁes part (a), because if (v) = j = i then no vertex out of [v1, v2] has colour j since
both v1 and v2 satisfy part (a). Hence, by recolouring the colour of such vertices v with the colour i one can obtain a
(k−1)-colouring which is a contradiction.Also, any vertex v ∈ [v1, v2] satisﬁes (a) since otherwise one of the vertices
v1 or v2 will not satisfy (a) which is again a contradiction.
Now, consider a maximal arc [vs, vt ] such that both vs and vt have colour i, satisfy part (a) and |[vs, vt ]|d.
Therefore, by the preceding paragraph all vertices in this arc satisfy part (a) and, also, no vertex out of this arc satisﬁes
part (a). This proves part (b). 
Now, for any colour i we deﬁne Ai to be the maximum arc coming from Lemma 2(b) (note that Ai is unique
since otherwise by the assumption k = (Kn,d)4 and Lemma 2(a) one may obtain a (k − 1)-colouring which is a
contradiction). Also, if Ai = [vs, vt ] then we deﬁne Bi,r to be the maximal arc (vt , vl) such that |[vt , vl]|d + 1 and
(vl−1) = i (note that Bi,r can be empty).
Lemma 3. Let  be a k-colouring of Kn,d with k = (Kn,d)4. Then for any colour i, if Bi,r is not empty then∣∣∣∣∣∣
⋃
u∈Bi,r
{(u)}
∣∣∣∣∣∣= 2.
Proof. By the comments preceding the lemma assume that Ai = [vs, vt ] and Bi,r = (vt , vl) with (vl−1) = i. First,
note that if |⋃u∈Bi,r {(u)}| = 1, then this vertex must be a vertex in Ai which contradicts its maximality condition.
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Ai
Bi-1,i
 Bi,i+1

Ai-1
 Ai+1
Aj

Kn,d
Fig. 1. Partition of V (Kn,d ) based on a colouring .
Second, assume that there are two vertices vg and vh in Bi,r other than vl−1 with different colours (vg) = j and
(vh) = j ′. Then there are other vertices out of Bi,r with colours j and j ′, since otherwise one may recolour each one
of these vertices using colour i and obtain a (k − 1)-colouring which is a contradiction. Hence, one may check that
Lemma 2(a) is violated for at least one of the colours j, j ′ or i. 
Without loss of generality, by Lemma 3, any vertex in Bi,r either has colour i or colour i + 1 by a renumbering of
colours (where it is understood that addition is modulo k). Hereafter, we refer to the set Bi,r as Bi,i+1.
Lemma 4. Let  be a k-colouring of Kn,d with k = (Kn,d)4. If Bi,i+1 = (vt , vl), then the vertex vl satisﬁes Lemma
2(a) (i.e. vl ∈ Ai+1).
Proof. The vertex vt+1 must be in the (i + 1)th colour class or otherwise the maximality of Ai will be violated. On
the other hand, we must have (vl) = i + 1 or Lemma 2(a) will be violated. 
Hence, hereafter, without loss of generality (possibly with a renumbering of colours) for any -colouring  of Kn,d
one can consider a partition of the vertices ofKn,d in a cyclic order by the subsetsAi andB

i,i+1 when i ranges between
0 and k − 1 (modulo k) as in Fig. 1. Also, we deﬁne
i
def= d − |Ai |, i,i+1 def= |Bi,i+1|, (1)
and
i,i+1(j)
def= |{v ∈ Bi,i+1|(v) = j}|. (2)
By Lemma 2 for any i we have |Ai |1. Also, i,i+1 = 0 or i,i+12. Moreover, we let,
li
def= i−1 − i−2,i−1 − i−1,i ,
ri
def= i+1 − i,i+1 − i+1,i+2,
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and we let Li (resp. Ri ) be the leftmost (resp. rightmost) arc in Ai whose length is li (resp. ri ). Also, note that by
deﬁnitions we have
|Ai−1| + |Bi−1,i | + |Bi−2,i−1| + |Li | = d and |Ai+1| + |Bi,i+1| + |Bi+1,i+2| + |Ri | = d.
Lemma 5. Let  be a k-colouring ofKn,d with k=(Kn,d)4. Then for all i we have, 0ri < |Ai | and 0 li < |Ai |.
Proof. Note that any vertex v with (v) = i should be in the set Bi−1,i ∪ Ai ∪ Bi,i+1 whose size is at most d. Hence,
d(d − i ) + i−1,i + i,i+1,
and, therefore, for all i we have, ri−10 and li+10. On the other hand, if li  |Ai |, then
d |Ai−1| + |Ai | + |Bi−1,i | + |Bi−2,i−1|,
and consequently one can recolour all vertices in Ai−1 ∪Ai ∪Bi−1,i ∪Bi−2,i−1 using colour i − 1 and we recolour all
vertices in Bi,i+1 using colour i +1 to obtain a (k−1)-colouring of Kn,d which is a contradiction. The other inequality
follows similarly. 
Deﬁne

def=
∑
i
i and 
 def=
∑
i
i−1,i . (3)
Lemma 6. Let  be a k-colouring of Kkd−s,d with k = (Kkd−s,d )4. Then,
(a) i s for all i ∈ {0, 1, . . . , k − 1}.
(b)  −  = s.
(c) s.
Proof. For (a) note that by Lemma 1 and the deﬁnitions
s =
∑
j
dev(j)
∑
j=i,i+1
dev(j) = 2d − |Ai | − |Ai+1| − |Bi,i+1|d − |Ai | = i .
To prove (b), note that,
n = kd − s =
∣∣∣∣∣
⋃
i
Ai
∣∣∣∣∣+
∣∣∣∣∣
⋃
i
Bi−1,i
∣∣∣∣∣=
∑
i
(d − i ) +
∑
i
i−1,i = kd −  + .
Also, by Lemma 5 we know that
0
∑
i
li =
∑
i
i−1 −
∑
i
(i−2,i−1 + i−1,i ) =  − 2,
and consequently 2, that along with part (b) proves (c). 
Lemma 7. Let  be a k-colouring of Kkd−s,d with k = (Kkd−s,d )4. Then every deﬁning set of  must contain
D1
def=
(⋃
i
Bi−1,i
)
∪
(⋃
i
Li
)
∪
(⋃
i
Ri
)
.
Moreover, |D1| = 2s − .
Proof. Note that recolouring any vertex in Ri (resp. Li ) with colour i + 1 (resp. i − 1) gives rise to new k-colourings
of Kn,d . Also, the colour of any vertex in Bi−1,i can be changed to i − 1 or i to obtain new k-colourings.
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As for the size of D1 note that by Lemma 6(b),
|D1| =  +
∑
i
(li + ri ) = 2 − 3 = 2s − . 
As a corollary we have,
Theorem 2. For any circular complete graph Kkd−s,d with k = (Kkd−s,d )4 we have dmin(Kkd−s,d , k)s.
Proof. Apply Lemma 6(c) and Lemma 7. 
Now, for any given k-colouring , we should ﬁnd other appropriate subsets of vertices to be added to the set D1 in
order to construct a deﬁning set.
Deﬁnition 2. For any given k-colouring  of Kn,d ,
• We say that the ith colour class is covered from the left if |Bi−1,i ∪ Li | = i−1,i + li = 0.
• We say that the ith colour class is covered from the right if |Bi,i+1 ∪ Ri | = i,i+1 + ri = 0.
We introduce the following partition for {0, 1, . . . , k − 1} of all colour classes of :
• T def={i| the ith colour class is covered from both sides}.
• O1 def={i|i = 0 and the ith colour class is covered only from one side}.
• O2 def={i|i = 0 and the ith colour class is covered only from one side}.
• N1 def={i|i = 0 and the ith colour class is not covered from any side}.
• N2 def={i|i = 0 and the ith colour class is not covered from any side}.
Also, we deﬁne the covering number of a k-colouring  of Kn,d as
C()
def=
{ |T| + |O2 | +  N2 = ∅,|T| + |O2 | +  + 1 N2 = ∅.
Prosposition 1. For any k-colouring  of Kn,d with k = (Kn,d)4 and n = kd − s, there exists a deﬁning set D of
size k + 2s − C().
Proof. Let [vsi , vti ] def= Bi−1,i ∪ Ai ∪ Bi,i+1 and note that (vsi ) = (vti ) = i. We introduce a deﬁning set D def= D1 ∪
D2 ∪ D3 ∪ D4 in which D1 is deﬁned as in Lemma 7, and i ∈N2 is chosen arbitrarily ifN2 = ∅.
• D2 def={vsi |i ∈ O1 } ∪ {vti |i ∈ O1 }.
• D3 def={vti |i ∈N1 }.
• D4 def={vti |i ∈N2 and i = i}.
Let the k-colouring ′ of Kn,d be an extension of |D . Then by deﬁnitions and Lemma 2, for any i ∈ I def=T ∪
O1 ∪N1 the ith colour class of ′ is a subset of Bi−1,i ∪ Ai ∪ Bi,i+1. Also, note that for any i /∈I we have
i = i−1,i = i,i+1 = 0.
On the other hand, by Lemma 5,
dev′(i)d − (d − i + i−1,i (i) + i,i+1(i))i − i−1,i − i,i+1 = li+10.
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Therefore, by Lemma 1 and the deﬁnition of i,i+1(i) (see Eq. (2)),
s =
∑
i
dev′(i)
∑
i∈I
dev′(i)
∑
i∈I
(i − i−1,i (i) − i,i+1(i))
=
∑
i
(i − i−1,i (i) − i,i+1(i)) =  −  = s,
and consequently we have equality everywhere, and
∀i ∈ I ∀v ∈ Ai ′(v) = i.
Hence, the colour classes of any colour i ∈ I are identical in any extension of |D to a k-colouring of Kn,d .
Also, by Lemma 1, the deﬁnition of D4 and the fact that we have at least k − 1 different colours in |D , the other
colour classes of any extension of |D to a k-colouring of Kn,d should be identical to that of . This shows that D is a
deﬁning set of the colouring .
In order to compute |D|, we ﬁrst note that for any colour i ∈ O1 the corresponding colour class is covered from one
side and therefore exactly one of vsi or vti is in D1, when the other extreme vertex is added to the deﬁning set through
D2. Hence, by Lemma 7,
|D| = |D1| + 12 |D2| + |D3| + |D4| = 2s −  + |O1 | + |N1 | + |D4| = k + 2s − C(). 
Since C()1 for any k-colouring of Kkd,d , by Proposition 1 one may deduce that dmax(Kkd,d , k) = k − 1. The
following theorem determines the parameter dmax for the rest of the cases except the case when the chromatic number
is not equal to three.
Theorem 3. If k = (Kn,d)4 and n = kd − s with 1sd − 1 then, dmax(Kkd−s,d , k) = k + 2s − 3.
Proof. For any k-colouring  of Kn,d with k = (Kn,d)4, it is straightforward to check that C()3. Also, by
Proposition 1, for every k-colouring  we have d()k + 2s − C()k + 2s − 3, and consequently, we have
dmax(Kkd−s,d , k)k + 2s − 3.
On the other hand, consider the k-colouring  in which all colour classes are arcs of length d except one colour class
(say [vg, vh]) which is an arc of length d − s, and note that any deﬁning set of  must contain the arcs (vg−s−1, vg)
and (vh, vh+s+1). Also, any deﬁning set of  intersects all but one of the colour classes of , since otherwise if there
are two colour classes that contain no vertex from the deﬁning set, then one can swap the colours to obtain a new
k-colouring (which is a contradiction). This clearly gives rise to at least k − 3 more vertices which shows that the size
of any deﬁning set of  is greater than or equal to 2s + (k − 3). This shows that dmax(Kkd−s,d , k)k + 2s − 3, and
the theorem follows. 
The relationship between the circular chromatic number and the other chromatic parameters of graphs has been
extensively studied by various authors [3,9]. The following theorem presents an interplay between the parameter dmax
and the circular chromatic number of a graph.
Theorem 4. Given a graph G, let c(G) = n/d3 where gcd(n, d) = 1, n = kd − s, k = (G), and 1sd − 1.
Then,
dmax(G, k)k + 2s − 3.
Proof. Weprove the followingmore general fact that given two graphsG andH, t(H) an integer, and an onto-vertex
graph homomorphism , then
dmax(G, t)dmax(H, t).
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To prove this, let  be an onto t-colouring of H. Note that the image S′ = (S) of any deﬁning set S of the t-colouring
 ◦  of G, is a deﬁning set of the t-colouring  of H. This implies that d( ◦ )d() and taking maximum over all
such t-colourings of H yields
dmax(G, t)dmax(H, t).
Now, the theorem follows as an application of Theorem 3. 
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